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Comparison of Two Dissimilar Modal
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Recent laboratory results using a refined phase resonance method and the eigensystem realization algorithm
on the same test structure are reported. These methods are dissimilar modal identification techniques suitable for
future large spacecraft. The theory, application approach, and results obtained for each technique are summa-
rized and compared. Although both methods worked well in this investigation, significant differences occurred
in some identified mode shapes. Comparison of independently derived modal parameters provides the means for
disclosing such discrepancies in flight projects.

Introduction

T HE on-orbit dynamic characteristics of future large space
structures, such as Space Station Freedom, can signif-

icantly affect mission performance. Unexpected vibration can
disrupt microgravity experiments, remote-sensing measure-
ments, and the operation of control systems. Furthermore,
multiple payloads can interact through flexible adjoining
structure. Modal identification tests are required for verifica-
tion of the predicted dynamic characteristics. Because of their
size and complexity, these structures pose unprecedented chal-
lenges to modal testing technology.1'2 Improvement and elabo-
ration of current methods are necessary.

In the classical phase resonance method (PRM) of modal
testing,3"6 each normal mode of vibration is excited individu-
ally using multiple shakers with appropriated, sinusoidal
forces. Modern implementations consider all responses simul-
taneously to optimize modal purity indicated by the phase
resonance criterion. Real-time displays provide direct observa-
tion of mode shapes and mode indicator functions. Recent
refinements include new data condensation methods and im-
proved estimates for optimal excitation.6

In an entirely different approach to modal testing, modal
parameters are derived from multiple-mode response data with
computer algorithms. A method known as the eigensystem
realization algorithm (ERA) has been developed for multiple-
input/multiple-output analysis of frequency response or free
decay data.7"10 With this approach, a reduced state-space
model suitable for control synthesis is also available. Recent
refinements include methods for improving results using em-
phasized data9 and a consistent-mode indicator function.10

This paper discusses a research application of these two
dissimilar modal identification techniques. Both techniques
are candidate approaches for future large spacecraft. The the-
ory, application approach, and results obtained for each
method are summarized and compared.
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Test Structure
The test article for this investigation is shown in Fig. 1. It

consists of a cylindrical mast and four rectangular beams of
various lengths. The beams are clamped at their centers to
the tip and middle of the mast. The lower pair of beams is
rotated 45 deg with respect to the upper pair. One beam of
each pair contains a silicon layer at the neutral axis for addi-
tional damping. The overall dimensions are 1.59m in height
and 1.40m in width, and the total mass is approximately
50 kg. The dynamic response of the structure was measured
with 48 accelerometers.

This structure was designed to provide specific dynamic
characteristics including mcldal clusters, local response behav-
ior, and damping coupling. Furthermore, considerable non-
linearity was introduced by the silicon material. These proper-
ties are representative of realistic spacecraft characteristics.

Fig. 1 Test structure.
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Phase Resonance Method
Theory

The structural dynamic behavior of a linear elastomechani-
cal system without gyroscopic effects is formulated by means
of the generalized mass matrix M, the generalized stiffness
matrix K, the generalized structural damping matrix Z>, and
the generalized exciter forces $TF. Applying sinusoidal excita-
tion forces with circular frequency co, the generalized equation
of motion reads:

(1)

The modal matrix 4> contains ng normal modes with np physi-
cal measurement stations.

The dynamic response will also be sinusoidal but with a
phase lag <p relative to the excitation. The generalized equation
of motion can be separated into its real and imaginary parts:

cos <p-D sin(p)q = $TF (2a)

(-u2M sin<p + K sin^ + D cos<p)q = 0 (2b)

A phase shift of <p = 90 deg between the exciter forces and the
structural responses yields

-Dq =

=0

(3a)

(3b)

Equations (3a) and (3b) define the phase resonance condition.
The applied excitation energy must compensate for the struc-
tural damping energy, Eq. (3a). Also, the excitation frequency
must equal the corresponding undamped natural frequency,
Eq. (3b). A proven tool to fulfill these objectives is the mode
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Fig. 2 PRM flowchart.

indicator function,3 also known as the phase resonance crite-
rion (PRC):

PRC =
\yl\\yi

1.0-- 1000 (4)

where y{ and | yf are the real part and magnitude, respectively,
of the /th response measurement with respect to the applied
force.

The unknown internal damping distribution must be com-
pensated by external exciter forces. The force appropriation
procedures of Traill-Nash,11 Asher,12 and Ibanez13 are only
based on the real-part formulation, which is tuned to become
zero. These methods interpret the real parts as parasitic contri-
butions of the neighboring normal modes. Other methods14'15

only consider the imaginary parts of the structural responses.
Here, the imaginary parts are minimized by canceling the input
energy of neighboring modes:

(5)

Consequently, the procedures of Hunt et al.16 and Niedbal
and Klusowski6 consider both real and imaginary parts simul-
taneously and achieve the most reliable and robust results;
however, they require additional measurements. In this proj-
ect, the Anderson approach was considered to be sufficient. It
was the only approach used.

Adequate positioning of a sufficient number of exciters is
also required. The necessary number of exciter forces is de-
fined by Eq. (5); that is, the number of forces must equal the
number of normal modes considered. Exciter placement is
solved using combinatorial optimization by locating the ng - ng
submatrix <l" with the highest condition number.6

Application Approach
Figure 2 summarizes the PRM procedure. Each normal

mode is excited individually using multiple shakers with sinu-
soidal excitation at the natural frequency. If necessary, itera-
tion is used to achieve adequate mode purity.

To create an a priori data base for optimal exciter point
selection and force tuning, 10 sweep runs were performed.
Four symmetrical and four antisymmetrical pairs of exciter
forces were applied at the tips of each cantilever beam. Two
additional horizontal force configurations excited the bending
and torsional modes of the mast. Typical results are shown in
Fig. 3. Peaks in the mode indicator function, Eq. (4), indicate
modes of vibration. Among the 10 sweep runs, a total of 111
peaks are identified from 0 to 100 Hz. Comparing the individ-
ual response deformations by means of a difference criterion,6

26 independent deformation vectors are found.

Fig. 3 Sweep run.
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Using this information, optimal exciter points are selected
based on the ng • ng modal submatrix having the highest condi-
tion number. In most cases, three or four normal modes were
combined in one group; that is, three or four shakers were
applied. Most exciter points were selected at the tips of the
cantilever beams in either the horizontal or vertical directions.
Only a few modes required excitation at the mast tip and/or
in the middle of the mast. Force vectors were determined ac-
cording to Eq. (5). A final tuning of phase purity was per-
formed by hand, considering that the exciter point selection
and force determination are based on estimates of the normal
modes only. The exciter point selections were not changed
during the final tuning.

Real-time displays of the 48 accelerometer signals (both real
and imaginary parts) and the mode indicator function were
available to the test operators. These data greatly facilitated
mode tuning and optimization of PRC.

Results
Table 1 shows the natural frequency, damping factor (equiv-

alent viscous damping), and PRC results obtained for each
normal mode below 100 Hz. All indicator values are approx-
imately 950 or higher, indicating excellent modal purity. Dur-
ing testing, modes were considered to be adequately tuned
once a value of approximately 950 was achieved. There is little
practical difference between a PRC value of 950 and a perfect
result of 1000.

The damping results shown in Table 1 are averaged values
based on four different estimates.17 The individual values are
presented later in comparison with ERA results. The identified
natural frequencies are assumed to be accurate to within 1%
for the test conditions under which they were obtained and are
not discussed further.

A typical identified mode shape is shown in Fig. 4. Mag-
nitude and phase results are plotted vs measurement number.
The measurements are arranged sequentially along the four
cantilever beams, the lateral tip locations, and the mast. This
mode has an indicator value of 974. Thus, the majority of
mode-shape components have phase angles of approximately
±90 deg—characteristic of a classical normal mode. Excep-

Table 1 Phase resonance method results a b

5.757 Hz, £ = 0.48%, PRC = 974

Mode
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

Frequency,
Hz

5.375
5.757
6.536
6.628
6.793
7.193
7.705
8.524

11.121
11.236
14.200
34.310
36.417
38.820
40.857
41.368
42.467
43.507
44.767
45.654
56.743
57.980
71.371
72.231
91.906
93.385

Damping
factor, %

2.109
0.484
3.410
1.871
2.699
1.552
2.297
4.986
1.203
0.960
0.252
1.580
1.725
0.222
0.382
0.284
1.034
0.383
1.836
0.285
0.416
0.435
0.650
0.355
1.056
0.937

Phase
resonance
criterion

972
974
936
991
942
958
983
990
993
986
995
976
973
986
969
988
986
958
953
978
957
974
944
971
968
933
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Fig. 4 PRM mode 2.

dons are measurements 1-8, 28, and 45-48. Measurements 1-8
are located on one of the damped cantilever beams. Since
silicon was applied to only two structural members, the damp-
ing distribution is nonproportional to the mass and/or stiff-
ness distribution, resulting in damping coupling (complex
modes). The phase angle errors for beam 1 are attributed to
these effects. The results could be improved using additional
exciters. This was not done during testing, however, because of
the relatively high modal purity already achieved. Phase angle
errors for measurements 28 and 45-48 are meaningless because
the corresponding magnitudes are approximately zero.

Eigensystem Realization Algorithm
Theory

A finite-dimensional, linear, time-invariant dynamic system
can be represented by the state- variable equations:

x(t) =Acx(t) + Bu(t) (6a)

y(t) = Cx(t) (6b)
where x is an n -dimensional state vector, u a p-dimensional
excitation vector, and^ a <?-dimensional response vector. The
matrix A c characterizes the dynamics of the system, and B and
C relate the internal state variables x to the external excitation
and response vectors u and y.

A special solution to Eqs. (6a) and (6b) is the impulse re-
sponse function:

Y(t) = CeActB (7)

for t >0. The /th column of Y(t) contains the free response of
the system, with Jt(0) = 0, to a unit-impulse excitation applied
at the /th input location at £=0. With sampled data, this
solution can be expressed as

Y(k) = CAkB (8)

for k >0. A = eAcLt is the state-transition matrix, and At is the
data sampling interval.

The problem of system realization is as follows: Given a
sequence of experimentally measured Y(k), for k = 0,1,2,...,
construct a triplet [A,B,C] such that Eq. (8) is satisfied.
Experimental response data for multiple excitation locations
(or initial conditions) are typically used simultaneously to
permit efficient identification of closely spaced modes. Note
that [A ,B9C] is not unique since the set [T~ 1AT,T~1B,CT],
for any nonsingular matrix T, also satisfies the state-variable
equations.

The ERA solution to the system realization problem uses
singular-value decomposition of the generalized Hankel ma-
trix:

a22 of 26 modes with PRC > 950.
bO of 26 modes with PRC < 900. = UT,VT (9)
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The matrix //(O) consists of time-shifted Y(k) submatrices.7'8
The diagonal matrix E contains the ordered singular values of
//(O), and U and V contain the corresponding left and right
singular vectors, respectively.

Retaining the n largest singular values, an «th-order realiza-
tion is computed as

A = E -1/2 UfH(l) Vn E ~1/2 (lOa)

B = E* VlEp (lOb)

C=ElVJ% (lOc)

where H(l) is a second generalized Hankel matrix shifted in
time by one data sample from //(O). Ep and Eq arepth-order
and #th-order selector matrices.

The realization given in Eqs. (lOa-lOc) is transformed to
modal coordinates using the eigenvalues Z and eigenvector
matrix ^ of A as follows:

A' = *-

C' =

(Ha)

(lib)

(He)

The modal damping rates a/ and the damped natural fre-
quencies w/ are the real and imaginary parts of the continuous-
domain eigenvalues:

=a/ dby'io/ = (12)

Modal participation factors and mode shapes are the corre-
sponding rows of B' and columns of C', respectively.

In practice, not all eigenvalues and eigenvectors obtained
using this approach are valid structural modes due to noise,
nonlinearity, uncertainty concerning the number of modes
present, etc. Several indicators are available to establish the
relative accuracy of the various results.7'8'10

The phase resonance criterion, Eq. (4), is also computed for
every identified mode. Each (complex) mode shape is rotated
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Fig. 5 ERA flowchart.
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Fig. 6 Initial analysis.

so that the phase angles align best with ±90 deg, and then
Eq. (4) is applied.

Application Approach
Figure 5 summarizes the ERA procedure. Modal identifica-

tion was performed using directly measured free-decay data.
The structure was excited using a rubber-tipped hammer. To
ensure excitation of all modes from 0 to 100 Hz, 16 separate
single-point impacts were applied: four on the upper beams,
four on the lower beams, four on the mast, and four in torsion.
A force measurement triggered the data acquisition process.
Each measurement period was 5.12s long with a sampling
frequency of 400 Hz.

Three types of data analysis were performed: an initial over-
view analysis, additional analyses for improving specific re-
sults, and a nonlinearity study. Each of the three data-analysis
steps are discussed separately in the following sections.

Results
Initial Analysis

An initial analysis was performed using all response mea-
surements (16x48 = 768 time histories) simultaneously. The
data were digitally filtered into two frequency bands: 0-25 and
20-100 Hz. Each filtered data set was analyzed separately.
A generalized Hankel matrix of 160 columns and 960 rows
was constructed. Default values for all other analysis parame-
ters were used. These choices resulted in the use of 0.94 s of
data in the 0-25-Hz range and 0.27 s of data in the 20-100-Hz
range.

Previous experience has shown that significant changes in
the identified parameters can occur as a function of the as-
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Fig. 7 Improvement of results.

sumed number of modes.9 In particular, optimum accuracy
for different modes typically occurs at different numbers of
assumed modes. Also, weakly excited modes often require
relatively high numbers of assumed modes to be properly iden-
tified. For these reasons, the assumed number of modes was
incremented in each analysis from 1 to 60.

The identified natural frequencies are shown in Fig. 6. Each
row of results corresponds to a separate analysis with a speci-
fied number of assumed modes. Each detected mode is repre-
sented by a vertical dash at the associated frequency. The
confidence in each result is expressed by the length of the
vertical dash, which is proportional to the accuracy indicator
known as the consistent-mode indicator (CMI).9'10 CMI mea-
sures the consistency of mode-shape components, both tempo-
rally and spatially. Components from the beginning of the
data analysis window are compared with corresponding com-
ponents at the end of the window. The spatial collinearity of
mode-shape phase angles is also included in the calculation. In
Fig. 6, the highest confidence is attained if the distance be-
tween minor tic marks on the vertical axis is filled. Thus, more
confidence is associated with results appearing as solid vertical
lines than with those appearing as dotted or dashed lines.

Overall, 30 modes are found in the frequency range from
0 to 100 Hz. With two exceptions at approximately 6.7 and 36
Hz, all modes are identified as straight and solid lines with
increasing numbers of assumed modes, indicating consistency
and reliability.

Improvement of Results
Of the 30 modes in the initial analysis, 23 had PRC values

greater than 950. However, certain results are unsatisfactory.
Two independent methods are described in this section for
improving the results. In contrast to the on-line and real-time
approach of the PRM off-line methods such as ERA offer
various possibilities for post-test improvement of results.

In the initial analysis, CMI increased for most modes over
the entire range of assumed modes. Therefore, additional sin-
gle analyses were performed using larger identification orders.
For research purposes, it is interesting to investigate the effect
of increasing the number of assumed modes to extreme values

as well as enlarging the data matrix size and consequently
extending the analysis time window. With linear structures,
longer data lengths increase modal identification accuracy (un-
til the modal response level decays below the noise floor). With
nonlinearities, however, identification accuracy can deterio-
rate with longer data lengths due to changing modal parame-
ters as a function of response level.

Three additional analyses were performed using 80, 100,
and 160 assumed modes. Compared with the initial results,
25 of 30 modes now have indicator values above 950. In partic-
ular, mode purity increased for 19 modes. Six modes exhibited
nearly perfect mode purity with PRC values greater than 990.

For the first time, a new approach for improving results
using emphasized data was applied in this project. The tech-
nique is based on the fact that noisy response measurements
(for particular modes) deteriorate the proper identification of
modal parameters. Improvement is possible if information
about optimal excitation and response locations is available.
Such information is provided by ERA's accuracy indicators.

The success of this technique is illustrated in Fig. 7. Fig-
ure 7a provides an expanded view of the initial analysis in a
narrow range near 36 Hz. Corresponding damping and indica-
tor values are also shown. The results are relatively unsatisfac-
tory, indicated by low CMI (lengths of the dashes in the fre-
quency plot), PRC values below 900, and an unstable and
curved pattern of damping estimates over the entire range of
assumed modes. Corresponding results using emphasized data
with optimal excitation and sensing are shown in Fig. 7b. Sta-
ble and reliable identification of frequency and damping over
nearly the entire range of assumed modes is obtained. Indica-
tor values of up to 986 indicate a much improved mode shape
identification.

In summary, this new technique provided significant im-
provement of results for several modes that were weakly iden-
tified in the initial analysis. The technique used the initial-anal-
ysis results to select optimal excitation and response points.
Each mode of interest was improved in a dedicated analysis.

Nonlinearity Study
Nonlinearities were investigated using a sliding time-window

analysis. Forty separate analyses were performed using a start-
ing time varying from 0.0 to 4.0 s. Each analysis used the same
parameters as before, with 60 assumed modes.

Significant changes in identified natural frequencies oc-
curred as a function of response amplitude for modes associ-
ated with the damped beams. A typical result is shown in
Fig. 8. Mode 3 involves symmetric bending of the undamped
upper beam. Its frequency is constant as a function of time
shift (lower amplitudes occur at larger time shifts). The fre-
quencies of modes 4 and 5, on the other hand, increase consid-
erably. These modes involve symmetric bending of the damp-
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ing upper beam. They are also highly coupled with mast
bending. In mode 4, the two halves of the beam move in phase
with the mast, whereas in mode 5, they move out of phase.
Nonlinearities combine with significant damping coupling to
complicate reliable identification of these modes.

Summary of Best Results
The best results from all analyses, based on the phase reso-

nance criterion, are taken as the final modal parameters. These
values are listed in Table 2. Excellent results were obtained,
with 29 of 30 modes having PRC values above 950. The unusu-
ally low indicator value for mode 5 is attributed to damping
coupling and nonlinearity caused by the silicon material.

Comparison of Results
A common method for correlating pairs of experimental

mode-shape vectors $/ and <i>7 is the modal assurance criterion
(MAC),18 defined as

MODAL ASSURANCE CRITERION (MAC)

MAC// = (13)

where H designates the Hermitian transpose. Values greater
than approximately 0.7 indicate a significant degree of simi-
larity.

Using this approach, the 26 modes listed in Table 1 are
correlated with the 30 modes listed in Table 2. These results are
presented in Fig. 9 using a simple graphical format. Each row
and column represents one mode shape. The value of MAC is
proportional to the size of the rectangle drawn at the intersec-
tion of the corresponding row and column. Values greater than
0.7 are darkened for emphasis.

Figure 9 shows an excellent, one-to-one correspondence of
results. The only irregularities observed are two instances of
mode-ordering differences—attributed to small frequency
shifts due to nonlinearities—and the absence of corresponding

Table 2 Eigensystem realization algorithm results a>b

Mode
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

Frequency,
Hz

5.501
5.780
6.664
6.686
6.774
7.211
7.978
9.005

11.251
11.391
14.370
33.989
36.012
39.901
41.520
42.377
43.596
44.575
45.428
45.680
58.141
59.179
69.623
70.304
71.693
72.736
90.776
91.964
92.257
92.647

Damping
factor, %

1.421
0.237
0.130
1.451
1.163
0.316
1.306
1.767
0.095
0.089
0.057
1.627
1.354
0.067
0.189
0.077
0.178
1.162
1.348
0.159
0.349
0.390
0.518
0.405
0.131
0.134
0.883
0.098
0.808
0.246

Phase
resonance
criterion

989
989
995
955
818
985
984
994
994
997
995
990
986
996
994
997
974
982
983
965
994
994
958
977
990
995
984
963
969
969

93.385
91.906
72.231
71.371
57.980
56.743
45.654
44.767
43.507
42.467
41.368
40.857
38.820
36.417
34.310
14.200
11.236
11.121
8.524
7.705
7.193
6.793
6.628
6.536
5.757
5.375

; s s ?
s C n z i ^ i ^ J o i o K ) 5 ^ ' 5 5 ' 5 5 i

ERA RESULTS

) T- 0-4 O .- CM CM
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Fig. 10 ERA mode 2.

PRM results for four ERA modes at high frequencies. These
four modes, at approximately 70 and 90 Hz, are fundamental
torsional modes of the cantilever beams. They were only
weakly observed in the tests because accelerometers were lo-
cated on the center lines of the beams (except at the tips, where
they were slightly offset). Furthermore, excitation was also
applied only along the centerlines. These modes were appar-
ently excited better by accident in the ERA tests because of
small deviations in the impact locations.

Modes with high modal assurance criterion values are often
considered to be identical for all practical purposes. This is a
good assumption if the mode-shape differences are random
errors. In this investigation, however, some instances of deter-
ministic errors were observed among the various mode pairs.
An example is mode 2. The phase resonance result was shown
previously in Fig. 4. The corresponding ERA result is plotted
in Fig. 10. These two mode shapes are essentially identical for
measurements 9-48. The correlation coefficient is thus very
high—99%. However, the motion of beam 1 (measurements
1-8) in Fig. 4 is 180 deg out of phase with that in Fig. 10. Such
polarity errors can cause instabilities to occur if these system
identification results are used for control design purposes.
Each result was considered to be correct based on all indicators
available with the individual methods. This discrepancy was
detected only by a close comparison of the independently
derived results.

The final comparison performed is with the identified
damping values. Viscous damping factors determined by
both methods are shown in Fig. 11. Modes involving the
damped cantilever beams show values above approximately
1%, whereas the remaining modes show values lower than
approximately 0.5%. Considering the large scatter of results
seen in other test comparisons, for example by Chen,19 the
results presented here show an overall good correlation. The
general trend of the ERA values to be smaller than correspond-
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Fig. 11 Damping comparison.

ing PRM results is attributed to lower response levels with
impact excitation than with sinusoidal, resonant excitation. A
small additional damping force may have also been introduced
by the attached shakers in the phase resonance tests.

Conclusions
In this application, the natural frequencies and mode shapes

determined using the phase resonance method and the eigen-
system realization algorithm are mostly identical within engi-
neering accuracy. The majority of mode pairs correlated with
a modal assurance criterion greater than 90%. Identified
damping values, on the other hand, showed larger differences.
Although mode indicator values were greater than 950 for
most modes with both techniques, the majority of values (22 of
26 common modes) were higher using the eigensystem realiza-
tion algorithm. Phase purity for several modes was improved
substantially in this approach using larger numbers of assumed
modes and a new method for selecting emphasized data. With
the phase resonance method, mode tuning was generally
stopped once a value of approximately 950 was achieved.

Both techniques discussed in this paper are considered to be
feasible approaches for modal identification of future large
spacecraft. The similarity of results validates the accuracy of
each method. However, significant differences occurred in
some identified mode shapes. Comparison of independently
derived modal parameters provides the means for disclosing
such discrepancies in flight projects.
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